Given an oriented link L in 3-space we consider a generic homotopy connecting L with the unlink. To each singular link in the homotopy we associate some polynomial using an extension of the Kauffman bracket. The signed sum of these polynomials is a new link invariant, called Cross(L). It is determined by the following skein relations:
Introduction and results
All known link polynomials are constructed by studying isotopies of links. In order to obtain an isotopy invariant for smooth oriented links in 3-space one has just to check that the polynomial is invariant under the Reidemeister moves for link diagrams. On the other hand, those link polynomials which are quantum invariants can be calculated by using homotopies together with Morse modifications in order to connect the link with the unknot. This is possible because all quantum link invariants verify so called skein relations (for all this compare [5] , [12] , [17] , [15] ).
In this paper we introduce the first link polynomial which is constructed by studying homotopies of links (without Morse modifications). It seems to us that the Arf invariant for knots was the only other knot invariant which could be defined directly by counting in some way singularities in homotopies (it can be expressed as a certain number of triple points of unknotting discs, see [6] ). The Arf invariant is the most simple non trivial finite type invariant for knots. Let us discuss briefly the general case of finite type knot invariants (see [18] , [19] , [1] ). They satisfy all the well known Vassiliev's skein relation, compare Fig. 1 . If we take a generic homotopy which connects our knot K with the unknot, then we will meet a finite number of singular knots with exactly one ordinary double point. The Vassiliev invariant for K can now be expressed as a linear combination of Vassiliev invariants for knots with exactly one ordinary double point. In order to calculate the latter we could iterate the procedure: we connect each singular knot with exactly one double point by a generic path in the discriminant of singular knots with some choosen reference knot with exactly one double point. In this path we will meet a finite number of singular knots with exactly two ordinary double points. We continue the procedure up to knots with exactly d double points if we want to calculate a Vassiliev invariant of degree d. However, it seems to be very difficult to prove directly that the result of our calculations will not depend on the choices of all the paths in the discriminant but only on the choices of the reference links.
Fortunately, this problem can be solved for the first stage. Let M be the C ∞ -space of all long, possibly singular knots up to parametrization (this is just the mapping space considered by Vassiliev, see [18] ). M is contractible. M can be generalized to the space of all (including singular) links without parametrization and it is still contractible. Consequently, each two generic paths in M which connect a given non singular link with the unlink are homotopic in M. Here, the end points of the paths are allowed to move inside the corresponding components of non singular links. Moreover, we can assume that the homotopy is generic too: it meets the discriminant Σ in a finite number of points which correspond to links with exactly two ordinary Before we will explain the results of the present paper, let us explain its origin. In [7] we have constructed polynomial-valued 1-cocycles for spaces of non singular knots. These 1-cocycles evaluated on certain canonical paths are non trivial (compare [2] ). However, it is still not clear whether or not they represent always the trivial cohomology class. On the other hand, in [8] we have extended the Kauffman bracket to a state sum invariant for singular links. The natural idea was to combine these two approaches and to extend the Kauffman bracket to a state sum invariant for homotopies of oriented links.
We describe now our results. Let L be a singular link and let V s L (A, B, C) ∈ Z[A, A −1 , B, C] be the extension of the Jones polynomial for singular links contained in [8] (abusing notation we denote a link diagram for L by L too). It is defined as follows: [8] we have chosen C = B −1 because the polynomial is homogenous in B and C.) The singular Kauffman bracket < L > s is defined at crossings as the usual Kauffman bracket and at double points it is defined as shown in Fig. 2 . Here, B and C are new independent variables. Notice that one of the smoothings induces only a piecewise orientation on the link diagram. w(L) is the writhe of the link diagram L.
Let γ t , t ∈ [0, 1] be an oriented generic path in M which connects a non singular (oriented) link L with the unlink. Let Σ ⊂ M be the discriminant of all singular links. It has a natural stratification. The strata of codemension one Σ
(1) consist of links with exactly one ordinary double point. We define a co-orientation on Σ (1) by saying that the positive normal direction corresponds to changing a negative crossing to a positive one. The path γ = γ t intersects Σ (1) transversally in a finite number of points. Let p be such an intersection point. Abusing notation we denote the corresponding double point by p too and we denote the corresponding singular link by L(p). Let ind(p) be the intersection index of γ with Σ
(1) at p. [5] , K! denotes the mirror image of K) we have
Here, A is the usual variable of the Kauffman bracket.

Cross(L) becomes a Laurent polynomial in
Z[t 1/2 , t −1/2 ] by the usual change of variables t = A −4 .
Theorem 1 Cross(L) is an isotopy invariant for oriented links in 3-space. It is determined by the following skein relation
Cross(unlink) = 0 Cross(L + ) − Cross(L − ) = t −1/2 V (L + ) + t 1/2 V (L − ) + V (L 0 ).
Example 1 For the first three knots of the Alexander-Briggs table (see
Cross(3 1 ) = −t 7/2 + t 1/2 , Cross(3 1 !) = t −7/2 − t −1/2 , Cross(4 1 ) = t 3/2 − t −3/2 .
Remark 1 It follows directly from the definitions that Cross(L) can not distinguish the orientation of links and that it changes for the mirror image by inversing the sign of the polynomial and inversing the signs of all exponents.
Let K#K ′ denote the connected sum of the knots K and
Remark 2 Cross(L) can be generalized for links in F 2 × R, where F 2 is an oriented surface, by the corresponding generalization of the Kauffman bracket (compare [11] and also [7] ). But we will not carry this out. [16] [8] and the next section).
Remark 3 There is an extension of the HOMFLY-PT polynomial for singular links by Kauffman and Vogel
We call the strata of Σ (1) the walls, which separate the chambers of non singular links.
The study of knot spaces is mainly concentrated (besides the work of V. Vassiliev) on the study of the chambers (see [10] , [3] , [4] ). Our work can be seen as a finer global study of the space of all, including singular, links. Notice, that a crossing change between two different components of a link is never inessential, because it changes the linking number.
Definition 2 A wall is called inessential if the two adjacent chambers coincide. The union of all inessential walls is denoted by Σ
Next we will consider a framed version of our invariant. We restrict ourselfs to the case of knots for simplicity. We fixe now a projection into the plane and we allow only regular isotopies of knots, i.e. the projection is all the time an immersion (in other words, Reidemeister I moves are not allowed). Knots (possibly singular) considered up to this equivalence relation are called framed knots. For singular knots we have in addition to the Reidemeister moves the moves SII and SIII (compare [14] and also [8] ). Notice, that both moves do not change neither the writhe w of the knot diagram nor the Whitney index n (the degree of the Gauss map of the planar curve). It follows immediately from the definitions that the intersection index of γ ∩ Σ is an invariant of framed paths γ in M ess up to homotopy through framed paths in M ess , if the end points of the paths are fixed up to regular isotopy. Consequently, the writhe of the unknot at the end of the path γ is completely determined by the writhe w(K) of the framed knot K and by the intersection index ind(γ) = γ ∩ Σ. The Whitney index is invariant under crossing changes. As well known, non singular framed knots are regularly isotopic if and only if they are isotopic and they share the same writhe and the same Whitney index (compare e.g. [7] ). (Here, K(p) denotes the singular framed knot with the double point p, and w, n and ind are arbitrary integers, such that w + n is odd.)
It is clear that we can replace homotopy by homology in all our constructions, because we calculate polynomials only at a finite number of points in a path or in a loop (compare [7] ).
The following question is of course very important. Let us finish with some perspectives of our work. [8] . 
Remark 4 We have not yet used the full strength of the results in
Remark 5 We have constructed 1-cocycles for the chambers (see [7]). It seems likely that these 1-cocycles can be generalized to 1-cocycles for the discriminant Σ. A natural idea would be to consider a generic homotopy of a long knot to the trivial knot as previously. But for each singular knot in the homotopy we could try to take instead of V s the evaluations of 1-cocycles on the loop which consists of a full rotation of the long singular knot around its axes (which connects the end points at infinity). These rather special twoparameter families of (including singular) long knots seem to be an interesting object.
Proofs
The space of (including singular) long knots was introduced by Vassiliev in [18] . It is contractible. If we consider knots instead of long knots then the corresponding space M is still contractible if we do not take into account parametrizations of knots. The corresponding space of n-component links is just the product of n copies of M. However, its discriminant is strictly bigger than the product of the discriminants, because all singularities between different components of the links enter it too.
We need some simple facts from singularity theory which can be proven with the same methods as e.g. in the Appendix of [9] . In a generic homotopy of a path γ in M the only accidents which can occure are from the following list. Each of these accidents can occure only a finite number of times.
I. γ becomes tangential (in an ordinary tangent point) to a stratum of Σ (1) . II. γ passes transversally to a stratum of codimension 2, which consists of the transverse intersection of two strata of codimension 1. We denote these strata by Σ (2) ++ . III. γ passes transversally to a stratum of codimension 2, which consists of a double point in an ordinary cusp. We denote these strata by Σ (2) < . IV.γ passes transversally to a stratum of codimension 2, which consists of a (single) double point where the two branches are tangential. We denote these strata by Σ (2) tang . All other paths γ in the homotopy are just generic paths in M. The main degenerations of Σ (2) ++ are ordinary triple points and a couple of double points in a self-tangency. They form strata of codimension 3. Triple points were already studied in order to obtain the well known 4T-relation in the theory of finite type invariants (compare e.g. [1] ).
We do not need the strata of Σ (3) in this paper. But we have decided to add a picture of the meridional 2-sphere of a stratum corresponding to a triple point, because we have not seen the picture in this form before. It could become important in connection with our Remark 4.
The three circles on the 2-sphere in Fig. 3 are the intersections with Σ (1) . They intersect in six strata of Σ
++ , which come in antipodal pairs. In Fig. 3 we describe the closure of just one of the eight adjacent chambers. This is enough to establish the rest of the picture. At a generic triple point the three tangent vectors span a 3-dimensional space. But notice, that if we fix in addition a generic projection into a plane (as usual in knot theory) then we have to distinguish braid-like triple points from star-like triple points (compare [7] ).
It follows immediately from the definitions that all our polynomials are invariant under accidents of type I.
In order to prove Theorem 1 we have to show that Cross(m) = 0 for the 
++ , Σ
< and Σ
tang . We show the diagrams for the meridional loop of Σ 
Cross(m) = 0 in general if and only if each coefficient of < D i > is zero , because these diagrams are in general independent. Therefore we obtain the unique (non trivial) solution C = (A 2 + A −2 )B. Each singular link in the homotopy has exactly one double point. Therefore we do not loose information by setting B = 1, and we obtain exactly the definition of Cross(L).
We show the diagrams for the meridional loop of Σ 
Notice, that the wall which ends in Σ (2) < is an inessential wall. We show the diagrams for the meridional loop of Σ 
Here, D or = L 0 is the diagram obtained by the smoothing which preserves the orientation and D un is that which has only a piecewise orientation (compare Fig. 2) .
On the other hand,
. The skein relation for Cross(L) follows now immediately. Notice, that the skein relation for Cross(L) together with the skein relation for V (L) imply directly that Cross(L) is invariant under crossing an inessential wall (of course, this followed already from the invariance of Cross(L)). Theorem 1 is proven.
We recall the definition of the singular HOMFLY-PT polynomial from leads to the equation shown in Fig. 9 , which has the unique solution x = y. But then the singular HOMFLY-PT polynomial is no longer sensitive for crossing changes of links. The failure of the singular Alexander polynomial from [8] is also caused by the stratum Σ 
tang , because the singular Kauffman bracket < K > s is invariant under the move SII as well (compare [8] ).
The value of Cross f r (m) is a non trivial multiple of a Kauffman bracket for the meridional loop m of Σ (2) < . We do not control these Kauffman brackets in the path γ. Therefore, we have to restrict ourselfs to paths γ in M ess .
However, it is not known whether or not there are non contractible framed loops in M ess . Therefore, Cross f r (K, w(K), n(K), ind(γ)) is only well defined up to periods at the moment.
The skein relation follows immediately from the definitions. Theorem 2 is proven.
